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Abstract: In many areas of science the problems treated by Monte-Carlo simulations become more and more complex 
and more extensive. Because of that generators like linear congruential matrix generators are needed which produce 
enormously many pseudo-random numbers. In order to assess stochastical properties of the generated pseudo-random 
vectors the lattice structure of these matrix generators is studied here. 
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1. Introduction 
The most popular method for pseudo-random number generation is the linear congruential 
method. By this method a sequence ( x~)~ > ,, of integers is generated according to the recurrence 
xi = a * xi_1 + c (mod m), 0 < xi -C m, where the modulus m, the factor a, the increment c and 
the initial value x0 are certain integers. For i > 0 the fractions ui = xi/m form a sequence of 
pseudo-random numbers uniformly distributed in [O,l]. If k successively generated pseudo-ran- 
dom numbers are to be taken as realisations of k independent random variables uniformly 
distributed in [OJ] the equidistribution on the set of all k-dimenional vectors ui = 
(Ui,.*.2 U,+k-l )T formed with k successively generated pseudo-random numbers should ap- 
proximate the k-dimensional Lebesgue measure on [O,llk as well as possible. The set of all 
generated vectors can best be described by lattices or shifted lattices (grids) in the Euclidean 
space R k. For k linearly independent vectors g,, . . . , g, in U4’ k the set 
k 
gE Rk: g= c zi.gi, zi integer 
2=1 
is called a lattice with basis g,, . . . , g,. The volume of a unit cell is d(G) := ]det(g,, . . . , &) 1 
which does not depend on the special choice of the basis. A unit cell of a lattice is put up by the 
vectors of a Minkowski-reduced lattice basis (vectors of shortest length). Therefore Minkowski- 
reduced lattice bases are useful for the assessment of lattices. The quotient qk of the shortest and 
the longest vector of a Minkowski-reduced basis is very small for a “bad” lattice and near to one 
for a “good” lattice ( qk is called k-dimensional Beyer-quotient). Minkowski-reduced bases can 
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be calculated by an algorithm given in [3]. The lattice structure of linear congruential generators 
was studied in [l], [2], [4], [5], [9] and [ll]. A generalisation of those generators are the multiple 
recursive congruential generators which were studied in [7] and [8]. 
A new type of generator was introduced in [6] and [lo]. Generators of this type, called linear 
congruential matrix generators, produce immediately sequences (xi) i 2 ,, of r-dimensional vectors 
by the recurrence relation 
xi-A ‘Xi-i (mod P) (1) 
where p is a prime, A a non-singular Y X r matrix of non-negative integers less than p and .lcO an 
r-dimensional column vector with non-negative integers less than p as components. “mod p” 
thereby means the calculation component by component modulo p, where the set {OJ, . . . , p - l} 
is chosen as the representative system. By a suitable choice of the matrix A the linear 
congruential generator with increment c = 0, the multiple recursive congruential generator and 
also the so-called shift-register-generator can be represented by such a matrix generator. For 
every prime p matrices A can be found such that the generated vector sequences have period 
length pr - 1 for all initial vectors x,, # 0 as is shown in [6]. Therefore we suppose that the linear 
congruential matrix generators considered here have the maximal period length pr - 1. 
2. The lattice structure 
In this section the lattice structure of linear congruential matrix generators will be examined. 
As the period length of the vector sequence (xi);, 0 generated by an r-dimensional matrix 
generator is supposed to be pr - 1 we get in the Euclidean space R’ all vectors of [O,p)’ with 
integral components with the exception of the origin 0 = (0,. . . , O)T. Adding the vector 0 the 
periodic continuation (with period p) of this set is E’ that is the set of all points of R’ with 
integral components. Therefore the equidistribution on the set of all r-dimensional vectors 
generated by an r-dimensional matrix generator approximates the r-dimensional Lebesgue 
measure on [O,l)r very well. 
With regard to the stochastical independence of the generated pseudo-random vectors we 
examine the distribution of pairs, triples, etc. of these vectors. For an integer n (n > 2) we 
arrange n vectors generated successively by an r-dimensional matrix generator to an n * Y- 
dimensional vector JJ~ = (XT, XT+ i, . . . , XT+ n _ l)T. 
Theorem. Let n be a positive integer and let (x~)~, 0 the vector sequence generated by an 
r-dimensional matrix generator of the form (1) with period length pr - 1. Furthermore let 
then the periodic continuation (with period p) 
G,,= V,,+p.Z”” 
of the set V,, is a lattice. 
Proof. The sets V,, and G,, are subsets of H n’r and therefore discrete sets. As is well known a 
discrete set G of points in the k-dimensional Euclidean space is a lattice iff the following two 
conditions hold: 
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(ii) G contains k linearly independent vectors. 
In order to point out that the conditions (i) and (ii) are fulfilled for the set G,, we first take two 
arbitrary vectors gi and gj of G,,,. If we examine gj and gj modulo p we get two vectors yi and 
yj of V,, with 
1 xi +_ xi 
\ 
/ xj +_ 1, \ 
_Vi Zk _Vj = 
xi+l * xj+l = A’(xi+xj) 
X rtn-1 f Xj+n-l 1 An-l. (i[ *x,) 
The r-dimensional vector xi + xj, examined modulo p, is either equal to 0 or equal to a vector x1 
of the generated sequence since the generator has maximal period length pr - 1. In both cases 
yi + yj (mod p) lies in V,, and therefore gi k gj E G,,. 
Writing e,, e2,. . . , en.r for the n *r-dimensional unit vectors the vectors p .e,, p .e2,. .., 
p . e, .r can be taken as linearly independent vectors in G,,, (they are periodic continuations of 0). 
This completes the proof. 0 
For the assessment of the lattice structure a basis of G,,, is necessary. Of course the n linearly 
independent vectors given in the proof do not form a basis of the lattice G,,,. As we have pr 
vectors in [O,p)“” the volume of the unit cell of G,, is p”“-‘. In order to get a basis we 
substitute the first r vectors p eel,. . ., p. e, by special lattice vectors which depend on the 
generator matrix A. For this purpose we choose each of the r-dimensional unit vectors and 
generate the next n - 1 vectors. By this we can write a basis of G,, as the n - r column vectors of 
the matrix 
B= 
I 0 
A P-I 
A2 P.1 
An-l 0 p-1 
with n2 sub-matrices where I is the r X r unit matrix. The lattice structure of G,,, described by 
the matrix B gives information about the distribution of the considered n . r-dimensional vectors 
yi as well as information about the stochastical independence of n pseudo-random vectors 
successively generated by the matrix generator (1). If there is a need for k-dimensional vectors 
where k is no multiple of r then for k < n - r the last n . r - k components of the corresponding 
vectors y, can be left out. Again the lattice structure of the vectors can be described with the help 
of the matrix B. The corresponding basis is obtained if the last n. r - k rows and the last 
~1. Y - k columns of B are eliminated. 
Remark. For Y = 1 we have the special case of Lehmer’s multiplicative congruential generator. As 
is shown in [2] in general there is no pure lattice structure for the non-overlapping vectors in this 
case. Therefore this statement is valid for matrix generators, too. For this reason we will not 
examine non-overlapping vectors here. 
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3. Applications 
As it can be seen in some examples given by Grube [7] a multiple recursive linear congruential 
generator has a “bad” lattice structure if the coefficients of the corresponding primitive 
polynomial are not different in pairs and different from zero or one. Even with such a “bad 
polynomial” a matrix generator with a “good” lattice structure can be constructed. For a 
primitive polynomial g(u) = 2.C - a,_, . ur-l - . . * - a, and a non-singular r x Y matrix T over 
the Galois Field GF( p) a generator matrix A for an r-dimensional matrix generator with period 
length pr - 1 is given by 
10 1 0 \ 
i 
0 1 
A= To . T-l 
0 0 1 
a, a, . . . a,-, 
(see [6]). In general a randomly chosen non-singular transformation matrix T yields a generator 
whose lattice structure is “not too bad” as the following example shows. 
Example. Let Y = 3, p = 229 - 3 = 536870909 and g(u) = u3 - U* - u - 532130242 (see example 
5.3m in [7]). The randomly chosen non-singular matrix 
i 
235510801 429634356 238525549 
T= 281043327 398307193 492485298 
291922635 190076583 473675892 1 
yields the generator matrix 
i 
32009361 506208029 281476751 
A= 97715140 195637636 201812864 . 
101381044 9996681 309223913 I 
For the assessment of the lattice structures we examine the Beyer-quotients as mentioned in the 
introduction. 
k 
4 
5 
6 
7 
8 
9 
10 
11 
12 
qk (multiple recursive generator) 
0.00007877662 
0.00012007194 
0.81716409968 
0.02069423220 
0.04492271680 
0.26940729225 
0.32089716206 
0.47053245267 
0.73707340274 
qk (matrix generator) 
0.80625067302 
0.79937518567 
0.66288265589 
0.59003430569 
0.32444075067 
0.15555969981 
0.57714708974 
0.62415024982 
0.69937487241 
(For k < 3 we have of course qk = 1 in both cases.) In case of the multiple recursive generator the 
very small values of qk in the dimensions k = 4,5 and the small values of qk for k = 7,8 show the 
defect of the lattice structure. In case of the matrix generator with the exception of k = 8 and 9 
all Beyer-quotients qk are greater than 0.5 (even up to k = 20). In order to find matrix generators 
with qk near to one for all dimensions k < 20 an exhausting search with other primitive 
polynomials and a plenty of transformation matrices is necessary. The investigation will be done 
for several primes p in the near future. 
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